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Abstract 
6WDELOLW\ RI D VSLQFXUUHQW VWDWH ZLWK UHVSHFW WR WKH RUGLQDU\ PDJQHWLFDOO\ GLVRUGHUHG SDUDPDJQHWLF VWDWH LV VWXGLHG IRU DQ
ܵ ൌ ͳȀʹ+HLVHQEHUJܬଵܬଶPRGHORQDQDQLVRWURSLFWULDQJXODUODWWLFHLQDPDJQHWLFILHOGDVDORZO\LQJH[FLWHGVWDWHDVZHOODV
WKHJURXQGVWDWH:HXVHDYDULDWLRQDO0RQWH&DUORPHWKRG LQFRPSXWLQJH[SHFWDWLRQYDOXHV$VDUHVXOW WKHVSLQFXUUHQWVWDWH





















© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Peer-review under responsibility of the ISS 2013 Program Committee
 S. Tamura and H. Yokoyama /  Physics Procedia  58 ( 2014 )  10 – 13 11
,Q WKLV ZRUN ZH VWXG\ WKH VWDELOLW\ RI D VSLQFXUUHQW VWDWH ZLWK UHVSHFW WR D PDJQHWLFDOO\ GLVRUGHUHG VWDWH
+HQFHIRUWKZHFDOOWKLVVWDWHWKHSDUDPDJQHWLFRUQRUPDOVWDWHHYHQIRUILQLWH݉LQWKHܵ ൌ ͳȀʹ+HLVHQEHUJܬଵܬଶ
PRGHO RQ$7/ LQ D KRPRJHQHRXVPDJQHWLF ILHOGh 7KLVPRGHO LV H[SHFWHG WR GHVFULEH IUXVWUDWHG VSLQPDWHULDOV
&V&X&O>@DQG&V&X%U>@LQDGGLWLRQWRWKHLQVXODWLQJSKDVHVRIߢ(7VDOWVDQGKDVEHHQVWXGLHGE\VHYHUDO
UHVHDUFKHUV $OLFHD et al >@ DUJXHG WKDW D SKDVH RI XSXSGRZQ XXG VSLQ VWUXFWXUH DSSHDUV QHDU݄ ൌ ͵ܬLQ WKH




WRDYLFLQLW\RIWKHRQHGLPHQVLRQOLPLWܬଶ ܬଵΤ ൌ ͲLQWKHJURXQGVWDWH+HUHZHVWXG\QRWRQO\WKLVUHJLRQEXWD










$V D WULDO ZDYH IXQFWLRQ ZH FRQVLGHU D FRUUHODWHG VSLQ FXUUHQW VWDWH RI D -DVWURZ IRUPȲ ൌ ஶܲȰ +HUH ஶܲ ൌ
ς ൣͳ െ ௝݊՛ ௝݊՝൧௝  HOLPLQDWHV WKH GRXEOH RFFXSDWLRQ RI HDFK VLWH 2QHERG\ SDUWȰ ൌ ς ܓఙறܓאܓూǡఙ ȁͲۄLV WKH JURXQG
VWDWHRIDVSLQFXUUHQW+DPLOWRQLDQ
ܪୱୡ ൌ െݐ෍ ቂ݁ି௜஢෥ી෩భή൫ܚ೔ିܚೕ൯௜஢ற ௝஢ ൅ Ǥ Ǥ ቃۃ௜ǡ௝ۄǡ஢ െ ݐ
ᇱ෍ ቂ݁௜஢෥ી෩మή൫ܚ೔ିܚೕ൯௜஢ற ௝஢ ൅ Ǥ Ǥ ቃ െ ෨݄෍ ୨ܵ୸୨ሾ௜ǡ௝ሿǡ஢
ൌ െʹݐ෍ ൣሺ݇௫ ൅ ɐ෥ߠଵሻ ൅ ൫݇௬ ൅ ɐ෥ߠଵ൯൅ݐᇱȀݐ൫݇௫ ൅ ݇௬ െ ɐ෥ߠଶ൯൧௞ఙற ௞ఙ௞ǡ஢ െ
෨݄෍ ୨ܵ୸୨ ǡሺʹሻ
ZKHUHɐ෥ ൌ േͳDFFRUGLQJ WR XS RU GRZQ VSLQી෩ଵ ൌ ሺߠଵǡ ߠଵሻી෩ଶ ൌ ሺߠଶ ʹΤ ǡ ߠଶ ʹΤ ሻDUH VSLQ GHSHQGHQW 3HLHUOV
SKDVHDQGWKHVXPPDWLRQRIi, j!UXQVRYHUQHDUHVWQHLJKERUSDLUVDQG>i, j@GLDJRQDOQHLJKERUSDLUVLQWKHሺͳǡͳሻ
GLUHFWLRQݐᇱ ݐΤ ߠଵǡDQGߠଶ DUH YDULHWLRQDO SDUDPHWHUV ݐᇱ ݐΤ  ZH LQWURGXFH WKH HIIHFW RI EDQG UHQRUPDOL]DWLRQ
%HFDXVHܪୱୡLV LQYDULDQW LQ UHSODFLQJݐǯ െ ݐǯ RZLQJ WR WKH SDUWLFOHKROH V\PPHWU\ ZH FRQVLGHU RQO\ SRVLWLYH
YDOXHVRIݐǯȀݐߠଵDQGߠଶDUHFORVHO\UHODWHGWRVSLQFXUUHQWVEXWDILQLWHYDOXHRIߠଵRUߠଶLV
QRWQHFHVVDULO\PHDQVWKDWVSLQFXUUHQWDFWXDOO\IORZV7RWKLVHQGZHVKRXOGGLUHFWO\FDOFXODWHDFXUUHQW RSHUDWRU




ܧ ൌ ۃȲȁܪȁȲۄȀۃȲȁȲۄ VR WKDWEFKDQJHVGLVFRQWLQXRXVO\DV IXQFWLRQVRIYDULDWLRQDOSDUDPHWHUV IRU ILQLWHV\VWHPV
7KLV SUHYHQWV XV IURPXVLQJ DQ RSWLPL]DWLRQ WHFKQLTXH VXFK DV1HZWRQ¶VPHWKRGZKLFK QHHGV WKH GHULYDWLYH RI
HQHUJ\7KHUHIRUH LQRSWLPL]LQJEZHFDOFXODWHE IRUPRUH WKDQGLVFUHWHSRLQWV LQ WKHSDUDPHWHUVSDFHDQG
ILQGWKHPLQLPXP)RUWKHSDUDPDJQHWLFVWDWHȲሺߠ ൌ ͲሻZHWDNHPRUHWKDQSRLQWVRIݐǯȀݐEHWZHHQ DQGIRU
ߠଵ ൌ ߠଶ ൌ ͲDQG LQGLFDWHV WKH PLQLPXP E\ܧሺݐǯȀݐǡ ߠ ൌ Ͳሻ 6LPLODUO\ IRU WKH VSLQ FXUUHQW VWDWH ZH LQGLFDWH WKH
PLQLPXPE\ܧሺݐǯȀݐǡ ߠሻIRXQG LQ WKH SDUDPHWHU VHWV RIPRUH WKDQ VL[ YDOXHV RIݐǯȀݐߠଵȀɎ ൌ Ͳǡ ͳȀͺǡ ͳȀͶǡ ͵Ȁͺǡ ͳȀʹ
DQG ߠଶȀɎ ൌ Ͳǡ ͳȀͳͲͲǡ ʹȀͳͲͲǡǥ ǡ ͳ  ߠଵ ՞ ߠଶሻ  :H FRPSDUH ܧሺݐǯȀݐǡ ߠ ൌ Ͳሻ DQG ܧሺݐǯȀݐǡ ߠሻ LQ WKH VSDFH RI





12   S. Tamura and H. Yokoyama /  Physics Procedia  58 ( 2014 )  10 – 13 
SRVVLEOH WKDWȲLV QRW WKH JURXQG VWDWH >@ +RZHYHU WKH LQIRUPDWLRQ RI D ORZO\LQJ GLVRUGHUHG QRUPDO VWDWH
EHFRPHVLPSRUWDQWDVGHVFULEHGLQ6HFW
3. Results 
)LUVW OHW XV FRQVLGHU ݐǯȀݐ GHSHQGHQFH RIȲ LQ WKH SDUDPDJQHWLF FDVHV ߠଵ ൌ ߠଶ ൌ Ͳ  )LJ D VKRZV WKH
H[SHFWDWLRQYDOXHVRIHQHUJ\FRPSRQHQWVܧଵ ൌ σ ۃ܁௝ ή ܁௝ାఛۄ௝ǡఛ ȀܰZLWK߬ ൌ ሺͲǡͳሻǡ ሺͳǡͲሻDQGܧଶ ൌ σ ۃ܁௝ ή ܁௝ାሺଵǡଵሻۄ௝ Ȁ
ܰ  WKH WRWDO HQHUJ\ LV JLYHQ E\ ܧ ൌ ܬଵܧଵ ൅ ܬଶܧଶ  %HFDXVHܧଵ ܧଶ  KDV WKH PLQLPXP DW ݐǯȀݐ ൌ Ͳλ DQG LV
PRQRWRQLFDOO\ LQFUHDVLQJ GHFUHDVLQJ IXQFWLRQ RIݐǯȀݐ WKH PLQLPXP RIܧLV ORFDWHG DWݐǯȀݐ ൌ λLI DQLVRWURS\ LV
VXIILFLHQWO\ ODUJH ܬଶ ܬଵΤ ب ͳ DV VKRZQ LQ )LJ E +RZHYHU WKH EHKDYLRU EHFRPHV GLIIHUHQW DW DSSUR[LPDWHO\
ܬଶ ܬଵΤ ൌ ͳ DV VKRZQ LQ )LJV E DQG  )RU݉ ൌ Ͳ  WKH ORFXV RI PLQLPDOܧVZLWFKHV IURP ݐǯȀݐ ൌ λ WR  DW
DSSUR[LPDWHO\ܬଶ ܬଵΤ ൌ ͲǤͻͷ>VHH )LJ D@ $Vm LQFUHDVHVE WHQGV WR KDYH D FOHDUPLQLPXP DW D ILQLWHݐǯȀݐIRU
ܬଶ ܬଵΤ ̱ͳDQGWKHFRUUHVSRQGLQJORZHQHUJ\SDUWH[WHQGVWRVRPHZKDWODUJHUYDOXHVRIܬଶ ܬଵΤ >)LJF@

1H[WZHGLVFXVVDQRUPDOL]HGHQHUJ\JDLQοܧ ൌ ȁܧሺݐǯȀݐǡ ߠ ൌ Ͳሻ െ ܧሺݐǯȀݐǡ ߠሻȁȀȁܧሺݐǯȀݐǡ ߠሻȁRIWKHVSLQFXUUHQW
VWDWH IURP WKH SDUDPDJQHWLF VWDWH )LJ 7KH ODUJHVW HQHUJ\ JDLQ LV REWDLQHG DW̱݉ͲǤ͸ͷDQGܴ ؠ ͳ െ ܬଵȀܬଶ ׽ Ͳ
ܬଵ̱ܬଶDQGWKHDUHDRIODUJHοܧ൐ ͲǤͲʹQHDUWKHLVRWURSLFYDOXHܬଵ ൌ ܬଶUDQJHVRYHUͲǤͷ د ݉ د ͲǤͺ7KHVL]DEOH




WKH']\DORVKLQVNLL0RUL\DLQWHUDFWLRQDQGLWVRUGHUSDUDPHWHUVۃݖ ή ܁஺ ൈ ܁஻ۄǡ ۃݖ ή ܁஻ ൈ ܁஼ۄDQGۃݖ ή ܁஼ ൈ ܁஺ۄAB
)LJ7RWDOHQHUJ\DVIXQFWLRQRIݐǯȀݐIRUVRPHYDOXHVRIܬଶ ܬଵΤ QHDU$PRQJWKHWKUHHSDQHOVPDJQHWL]DWLRQLVGLIIHUHQWD݉ ൌ ͲE
݉ ൌ ͲǤ͸ͳDQGF݉ ൌ ͲǤͺʹ7KHKRUL]RQWDOVWUDLJKWOLQHLQDLQGLFDWHVWKHYDOXHRIܧȀܬଵDWݐǯȀݐ ൌ ͲIRUܬଶ ܬଵΤ ൌ ͲǤͻͷ
)LJD([SHFWDWLRQYDOXHVRI܁௝ ή ܁࢐ା࣎DUHVKRZQIRUWKHERQGVRIWKHVTXDUHODWWLFHܧଵDQGRIWKHGLDJRQDOGLUHFWLRQܧଶDVDIXQFWLRQRIݐǯȀݐ
IRU WKHSDUDPDJQHWLF VWDWHV ߠଵ ൌ ߠଶ ൌ Ͳ E7RWDOHQHUJ\SHU VLWH LV VKRZQDVD IXQFWLRQRIݐǯȀݐIRU VRPHYDOXHVRIܬଶ ܬଵΤ IRU݉ ൌ ͲDQG
ߠଵ ൌ ߠଶ ൌ Ͳ0DJQLILFDWLRQIRUܬଶ ܬଵΤ ̱ͳLVVKRZQLQ)LJD
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DQGC UHSUHVHQW WKH WKUHH VXEODWWLFHV DUH HTXLYDOHQW WR WKH VSLQFXUUHQW RUGHU SDUDPHWHU1HYHUWKHOHVV WKLV VSLQ
FXUUHQWRUGHUPD\EHIUDJLOHDFFRUGLQJWRWKHSUHVHQWFDOFXODWLRQV
)LQDOO\ ZH ORRN DW WKH VSLQFXUUHQW RUGHU
SDUDPHWHUV RQ WKH ERQGV RI VTXDUH ODWWLFH
ܬୱ୯Ȁܬଵ ൌ ۃσ ሺ ௝ܵା ௝ܵାఛି െ ௝ܵି ௝ܵାఛା ሻ௝ǡఛ ۄȀʹܰ ZLWK
߬ ൌ ሺͲǡͳሻDQG  DQGRQ WKHGLDJRQDOERQG
ܬୢ୥Ȁܬଶ ൌ ۃσ ሺ ௝ܵା ௝ܵିሺଵǡଵሻି െ ௝ܵି ௝ܵିሺଵǡଵሻା ሻ௝ ۄȀܰ  ,Q
WKH QRQLQWHUDFWLQJ IXQFWLRQȰ ILQLWHߠଵ RUߠଶ
LQGLFDWHV WKDWDVSLQFXUUHQWIORZV+RZHYHU LW
LV QRW WULYLDO IRU WKH FRUUHODWHG IXQFWLRQȲZLWK
ஶܲ ZKHWKHU D VSLQ FXUUHQW DFWXDOO\ IORZV IRU
ILQLWHߠଵRUߠଶ:HFKHFN W\SLFDO FDVHV IRU WKH
SDUDPHWHUV RI ODUJHVW HQHUJ\ JDLQ KHUH ݉ ൌ
ͲǤ͸ͷǡ ܴ ൌ ͲǤͲʹǡ ݐǯȀݐ ൌ ͳǤʹǡ ߠଵ ൌ ͹ɎȀͷͲǡ ߠଶ ൌ
ɎȀͺ  ZH ILQG ܬୱ୯ሺܬୢ୥ሻ ൌ ͲǤʹͳͶ͸ ͲǤʹͶ͵ͺܬଶ 
7KH GLIIHUHQFH EHWZHHQ ܬୱ୯ DQG ܬୢ୥ LV VPDOO
̱ͳʹEXWPHDQVD ILQLWHJOREDO VSLQFXUUHQW
IORZV :H VSHFXODWH WKDW WKLV VWHPV IURP WKH
LQFRPSOHWHQHVV RI WKH SUHVHQW RSWLPL]DWLRQ
VFKHPHRU WKHVLPSOLILHG IRUPRIȲEHFDXVH D
JOREDOFXUUHQW LVFRQVLGHUHGWREHHQHUJHWLFDOO\




LQWKHܬଶ ܬଵΤ ݉SODQHQDPHO\ܬଶ ܬଵΤ ̱ͳDQGͲǤͷ د ݉ د ͲǤͺ)LJ ,QWKHSUHVHQWPRGHO LW LVJHQHUDOO\H[SHFWHG
WKDWVRPHPDJQHWLFRUGHUEHFRPHVWKHJURXQGVWDWHIRULQVWDQFHDQRUGHURI9VKDSHGFRQILJXUDWLRQIRUܬଶ ܬଵΤ ̱ͳ
DQG݉ ൐ ͳȀ͵>@+RZHYHU LW LVSRVVLEOH WKDWVRPHXQFRQYHQWLRQDOEHKDYLRU WKDWRULJLQDWHV LQ WKHVSLQFXUUHQW
VWDWHDSSHDUVDERYHWKHPDJQHWLFWUDQVLWLRQWHPSHUDWXUHDVLQWKHFXSUDWHDQGߢ(7VDOWVXSHUFRQGXFWRUV7KHDERYH
DUHDGRHVQRWFRLQFLGHZLWKZKDW&KXEXNRYDQG6WDU\NKH[SHFWHGQDPHO\̱݉ͳȀ͵DQGPRUHVWURQJO\DQLVRWURSLF
ܬଶ ܬଵ ب ͳΤ  >@7KHSUHVHQW UHVXOW KRZHYHUGRHVQRWQHFHVVDULO\PHDQD VSLQFXUUHQW VWDWH LV QRW VWDELOL]HG IRU



















)LJ (QHUJ\ JDLQ RI WKH VSLQFXUUHQW VWDWHZLWK UHVSHFW WR WKHSDUDPDJQHWLF
VWDWH LV VKRZQ LQ WKHܴ -݉ SODQH 7KH SDUDPHWHU RI WKH DEVFLVVD UHJDUGLQJ
IUXVWUDWLRQVWUHQJWKLVDGMXVWHGWRDSUHYLRXVVWXG\ܴ>@7KHPDJQLWXGHRIοܧ
LVH[SUHVVHGLQDEULJKWGDUNVFDOHVKRZQQHDUWKHULJKWD[LV
ܴሺൌ ͳ െ ܬଵȀܬଶሻ
